In this paper, numerical computations using the finite difference method are carried out in order to investigate the settlement of ring foundations resting over an elastic half space. The main goal of the present work is to introduce a closed form solution for calculating elastic settlement of ring foundations. The settlement calculation of a ring footing is achievable by definition of displacement influence factors, which is commonly used in the domain of elasticity theory. The influence factors obtained in this study address the ring geometry, footing stiffness, footing embedment, and the soil non-homogeneity by which it is assumed that the soil elastic modulus increases linearly with depth. Computational results are presented in the form of graphs and correspondent mathematical expressions are proposed for the influence factors, for use in practical applications in the analysis and design of ring footings. The results are also compared with the published numerical and analytical data for the influence factors of circular footings as a benchmark verification.
Introduction
Shallow foundations are generally designed to satisfy bearing capacity and settlement criteria. Although the bearing capacity of shallow foundations is still of concern and it is still the subject of recent works (e.g., Baars, 2014; Chakraborty and Kumar, 2013; Lavasan and Ghazavi, 2012; Orneka et al., 2012) , the settlement criterion is generally believed to be more dominant due to the level of structure performance (e.g., Killeena and McCabeb, 2014) . When the settlement limit is exceeded, either the footing dimensions and the geometry must be revised or the soil must be reinforced (e.g., Abu-Farsakha et al., 2013; Lavasan and Ghazavi, 2012) . In the settlement calculation of shallow foundations, it is common practice to consider the settlement as the sum of two parts including immediate (short term) and consolidation (long term) settlements. The difference between these two parts is the time occurrence of the vertical deflection under the foundation, depending on the rate of loading with respect to the soil permeability (e.g., Bensallam et al., 2014) . The first one is mislabeled "elastic settlement", because elasticity theory has been generally adopted for calculation purposes. The soil behavior is not elastic or even reversible. However, elasticity theory has been widely used and accepted in the geotechnical engineering for the immediate settlement calculation due to its simplicity. By using the linear elasticity theory and assuming that the soil is isotropic (e.g., Ai et al., 2014) , only two elastic Lamé coefficients, or alternatively elastic modulus and Poisson's ratio are needed. The magnitude of the settlement can be assessed practically by applying the linear elasticity theory in conjunction with displacement influence factors, which considers soil non-homogeneity and foundation parameters such as the geometry, roughness, and stiffness. This procedure is applicable to settlement calculations for either undrained or drained loading conditions (e.g., Gibson, 1967; Poulos and Davis, 1974; Schmertmann et al., 1978) .
Ring foundations are a special type of shallow foundations used to support loads of axisymmetric structures such as bridge piers, water tower structures, and silos. In comparison with circular footings, ring foundations are more suitable and economical because less material is required, and the construction is easier as well. However, there are still uncertainties about the assessment of bearing capacity and settlement of such footings.
The calculation of elastic settlement of ring foundations is rarely taken into consideration in the literature review. There are several elastic approaches that give formulations or graphs, and all of them pay attention to the simple geometries of foundations including circle and rectangle (e.g., Berardi and Lancellota, 1991; Boswell and Scott, 1975; Burland, 1970; Davis and Poulos, 1968; Mayne and Poulos, 1999; Schmertmann et al., 1978; Strak and Booker, 1997; Teferra and Schultz, 1988; Timoshenko and Goodier, 1951; Ueshita and Meyerhof, 1968b) . Gazetas et al. (1985) proposed an analytical expression for estimating the vertical elastic settlement of foundations of any arbitrary solid basement shape embedded in a reasonably deep, uniform deposit. Their work was based on fitting analytical and numerical results from numerous publications in the literature. However, they declared that their approach excludes the ring footings and annular base shapes. Egorov and Nichiporovich (1961) obtained a formulation to calculate the settlement of the bed and the stress under rigid ring foundations by using Bessel's function of the first order. Fischer (1957) presented a solution for the settlement of a flexible ring plate on an elastic isotropic half-space. The solution gives vertical settlement of inner and outer edges of the ring plate by introducing influence factors in terms of the radii ratio. The latter two cases considers the footing rigidity as its extreme limit, i.e., perfectly rigid or flexible. In addition, it was assumed that the footing rests over the ground surface and the effect of embedment is not taken into consideration. Recently, Choobbasti et al. (2010) have modeled the settlement of ring footings using finite element method by considering an elasto-plastic analysis.
In domain of linear elastic problems with homogeneity and uniformity in soil characteristics, the deformation and stress distribution under a ring foundation can be derived by using the formulations of axisymmetric stress-strain relationships (e. g., Ahlvin and Ulery, 1962) in addition to the superposition principle. However, this is not practical since it requires a large volume of mathematical manipulations. Instead, it is more practical to apply numerical modeling using numerical methods such as the finite element method (FEM) or finite difference method (FDM). Alternatively, it is possible to use closed form solutions obtained from numerical and analytical approaches. The present paper investigates the settlement of ring foundations by applying FDM.
The objective of this study is to derive a general expression for the settlement of ring foundations in which the effects of geometry (inner to outer radii ratio), stiffness, and embedment of the footing as well as soil non-homogeneity are included by introducing corresponding displacement influence factors. To achieve this objective, a number of numerical models are performed and mathematical relations of influence factors are derived based on curve fitting.
Elastic settlement analysis
Elastic settlement calculation using displacement influence factors has the general form (Poulos and Davis, 1974) :
where ρ is the foundation settlement; q is the applied stress; B means the foundation width; E s stands for the equivalent elastic soil modulus; and I is the displacement influence factor. In order to obtain the displacement influence factors, rigorous solutions are needed based on the establishment of equilibrium equations, continuity equations, constitutive relationships, required kinematics, and finally solving complex integrals (Gibson, 1967; Strak and Booker, 1997; Ueshita and Meyerhof, 1968a) . A great variety and number of solutions exist in the literature for different governing assumptions, foundation geometries, and specific conditions, such as foundation rigidity and soil stiffness variation. A compilation of rigorous elastic solutions can be found in the works by Poulos and Davis (1974) and Teferra and Schultz (1988) . The elastic settlement at the center point of a uniformly loaded circular footing with diameter D is given as follows (Brown, 1969a (Brown, , 1969b :
where one has I=1 and π/4 for flexible and rigid footings, respectively. ν is the soil Poisson's ratio. Mayne and Poulos (1999) proposed a more general form of expression for the settlement of the center point of a circular foundation by considering the multiplication of several influence factors considering foundation rigidity (I F ), embedment (I E ), and soil non-homogeneity (I G ). The latter influence factor corresponds to the case where the soil modulus varies linearly with depth. The calculation of the influence factor I G was based on the summation of unit strains of sub-layers calculated from incremental vertical and radial stress change below the center of the circular footing, while the other two influence factors were addressed by approximate modifier terms obtained from prior finite element studies published in the literature. In the present study, the same approach used by Mayne and Poulos (1999) is taken into consideration and a general mathematical form is introduced for the elastic settlement of a ring footing. Similar to circular footing, a mathematical expression is initially derived for the maximum settlement of a ring footing and then, the magnitude of the settlement at the inner and outer edges of the ring footing are introduced.
Consider that the geometry of a ring footing is defined as the ratio of the inner to outer ring radii, i.e., n ¼ r i /r o . This footing is assumed to be rested on an elastic half-space. In the present work, a general expression for the maximum settlement of a ring footing ρ max ring is proposed in the following form:
where ρ 0 ¼ 2r o qð1À ν 2 Þ=E 0 and represents the settlement at the center of a flexible circular footing with the radius r o (a restatement of Eq. (2)). E 0 is the elastic soil modulus just beneath the footing bed. q is the equivalent applied vertical pressure over the circular footing base, i.e., q ¼ P=ðπr 2 o Þ where P is the vertical load applied over the ring footing. In the above equation, the parameters I R , I E , I F , and I G are the displacement influence factors which account for the ring transformation settlement, footing embedment, footing stiffness, and the soil non-homogeneity, respectively.
In order to find the magnitudes of these influence factors, a number of numerical modeling should be performed provided that different conditions are considered. Each displacement influence factor can be obtained by omitting the effect of other influence factors, possible when their value becomes one. The ring influence factor (I R ) concerns a transformation factor between the maximum settlements of circular and ring footings. In other words, it defines the ratio of the maximum settlement of a flexible ring footing to that of a flexible circular footing at the center point. (I F ¼ 1), whereas two footings are located over the surface level (I E ¼ 1) of a homogeneous medium (I G ¼ 1). In such conditions, one can find:
I E is defined as the ratio of the maximum settlement of a flexible ring footing (I F ¼ 1) at the embedment depth z¼ D f to that of the same ring footing over the surface. The soil is considered to be homogenous (I G ¼ 1). Thus, we obtain:
I F stands for the ratio of the maximum settlement of a ring footing with a specific stiffness to that of a flexible ring footing. Both are considered to be located at the ground surface (I E ¼ 1) of a homogenous soil (I G ¼ 1). In such conditions, we reach:
The soil non-homogeneity is taken into account by the influence factor I G . Non-homogeneity is defined in such a way that the soil modulus is not constant, but varies linearly with depth. The factor I G is characterized by the ratio of the maximum flexible settlement of a ring footing resting over a non-homogenous soil to that of the same footing resting on a homogenous soil. Thus, we have:
By performing numerical analyses with the abovementioned conditions, all the influence factors can be defined as a function of the ring footing geometry, i.e., n ¼ r i /r o . In the present study, the magnitude of the influence factors are derived for the radii ratio range 0 r n r 0.8, which covers the most problems of practical interest.
Numerical modeling procedure
Due to the simple geometry of a ring footing, only a slice of the problem is considered in the modeling. As such, the analysis was performed in the axisymmetric mode. The analyses contains a number of numerical models in which different ring radii ratios were considered including n ¼ 0-0.8 with intervals of 0.1. In order to investigate the rigidity of the footing, the ring footing body was also considered in the numerical modeling. In this study, the footing roughness is ignored in such a way that the footing base can be moved freely in the horizontal direction with respect to the soil surface underneath. The constitutive models of both the soil and the footing materials are chosen to be linear elastic. Hence, as explained in the previous section, the problem can be divided into several sub-problems and then, the results of all subproblems can be superposed linearly. The sub-problems are defined through four numerical model series including Series R, Series F, Series G, and Series E, which are depicted in Fig. 1 . Fig. 1a through d presents a global scheme of different model series used in this study. The common properties of all the model series are the model dimensions as well as the boundary conditions. The horizontal extension of the numerical model is considered long enough to have no effect from ground settlement or any stress disturbance from the footing. The depth of the vertical extension of the model below the footing should be sufficient to allow for a deep half-space soil medium and eliminate the effect of stress disturbance from the footing, which is known to be about 4r o for circular footings (reaching 10% of surcharge) in accordance with the wellknown elastic Boussinesq solution. In this study, the models are extended to 6r o and 12r o in the horizontal and vertical directions below the footing base, respectively. The vertical dimension was intentionally chosen to be larger than that required due to future extensions of the research where plastic behavior modeling is intended. As shown later in Section 4, considering such dimensions for the models sufficiently warrants the assumption of half-space since the influenced area of the stress distribution caused by the footings is far from the model boundaries. In all the modeling, circular and ring footings are modeled with r o ¼ 1 m. The vertical sides of the model are restricted with regard to horizontal movement, while movement of the lower side of the grid is fixed in both directions.
Linear elastic models with elastic modulus and Poisson's ratio parameters were used to analyze the soil and footing materials. The elastic modulus of the soil, E 0 , is considered as 1 MPa. By performing some sensitive analyses on the effectiveness of the Poisson's ratio, it was found that the ν value for the model Series E is highly effective: therefore, the analyses for this series are solved for various Poisson's ratio ν ¼ 0-0.5 with intervals of 0.1. For other series, the Poisson's ratio is taken ν ¼ 0.2. Mayne and Poulos (1999) found the same trend in their work. In Series F, the elastic modulus of the footing is considered to be variable depending on its flexibility, whose criterion is defined later in Section 3.2.
To ensure the computed settlements of different ring footings are comparable, a constant static vertical load P ¼ 3140 kN was considered for all the analyses. This load corresponds to a uniform surcharge pressure q ¼ 1 MPa over a circular footing with r o ¼ 1 m. By keeping the total load constant for all ring footings, the problems were solved with a uniform distribution of equivalent pressure over the annular area of the ring footings.
The numerical modeling in this paper was performed by the computer program FLAC-2D, which is based on the explicit finite difference method. By this code, the solution of a static problem is achieved by solving dynamic equations of motion. For every point, stress and deformations are calculated at small time steps until a steady state is reached in a numerically stable way. The modeling procedure for all the models series constitutes only one numerical stage and that is to bring the model to equilibrium under the applied load over the footing (Series F) or the ground surface (other model series). According to the FLAC manual (Itasca Consulting Group, 1999) , the equilibrium state is achieved when the maximum ratio of the unbalanced mechanical force magnitude divided by the applied mechanical force magnitude for all the grid points in the model drops below the value of 0.001. Since the constitutive equations used in the modeling are of the simple linearelastic type, gravity forces were not considered in the analysis since it does not influence the elastic settlement calculations. Fig. 2 shows the numerical grid correspondent to the model Series F, in which the footing body is also considered in the modeling. In other model series, a uniform normal pressure is applied on the nodes at the location of the ring footing. The grid size in the soil medium is refined below the footing area, but it is considered to be larger towards the right part of the boundary.
Basic model
By using the model Series R, according to Fig. 1a , the basic model was considered as a benchmark to model a flexible footing. The body of a full flexible footing is deformed with the soil underneath and the applied load is directly transmitted to the ground surface. In the numerical modeling, as a consequence, uniform pressure is applied to the nodes representing the footing base and then, the model is analyzed by bringing it to the equilibrium state. By comparing the results from this model series, the influence factor I R has been computed.
Modeling of semi-flexible footings
In semi-flexible footings, the stress distribution at the footing base is not uniform like that of flexible footings. In such case, the footing rigidity should be taken into account. To this aim, the footing body is considered in model Series F. The global scheme of the model is presented in Fig. 1b . The footing is modeled as a slab with thickness of 10 cm (which is appropriate in comparison with r o ¼ 1 m) over the surface, having contact with the soil through the interface elements such that the footing base can slip over the ground surface, i.e., smooth footing base. Uniform pressure is applied over the top of the footing surface. The degree of flexibility of the footing depends on the geometry as well as the footing stiffness with respect to that of the soil. For a ring footing, the following expression is proposed for the flexibility factor:
where E fnd is elastic modulus of the foundation material; E sAV is the average value of the soil elastic modulus beneath the foundation bed until z ¼ 2r o ; and t is the footing thickness. The above equation is a re-expression of the foundation flexibility factor introduced by Brown (1969a) for a circular footing, provided that the equivalent radius of a ring footing a ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi r 2 o À r 2 i p is substituted. In the equation above, the nominal effects of Poisson's ratio of the footing is omitted and a constant value ν fnd ¼ 0.2 is used for the footing material in the modeling. This value is chosen as for concrete or compacted dense soil. In addition, the results show later that this parameter has no influence on any of the influence factors. For the interface elements, according to the FLAC manual procedure (Itasca Consulting Group, 1999) , the stiffness parameters are defined as a function of the stiffest neighboring zones (which corresponds to the footing) having contact with the interface. The normal stiffness (k n ) and tangential stiffness (k s ) of the interface are defined as k n ¼ k s ¼ 250E f nd .
Numerical analyses were performed for a wide range of K F including K F ¼ 0.001, 0.01, 0.1, 1, 10, and 100. The analyses were achieved by only changing the foundation elastic modulus for each ring footing with a specific n since the parameters t, r o , and E sAV of the footing were considered to be constant.
Modeling of embedded footings
In order to study the effect of embedment on the footing settlement, model Series E is considered in this study according to Fig. 1c by which, the I E factor can be identified. Similar to Series R, the footing is considered to be flexible and thus, the footing body is replaced by direct applied pressure over the nodes representing the footing area. The analyses were performed for five different embedment depths (D f ) including D f /r o ¼ 0,1,2,5,10. For each case, a new numerical model was generated provided that the distance between the bottom boundary and the footing base is kept constant and equal to 12r o . It is important to maintain the assumption of having halfspace medium beneath the footing.
Modeling of soil non-homogeneity
In the problems of foundation geotechnical engineering practice, there are some solutions in the literature for the settlement calculation in which, the footing rests on a nonhomogeneous elastic medium (e.g., Boswell and Scott, 1975; Gibson, 1967; Strak and Booker, 1997) . In the present study, it is assumed that the elastic soil modulus increases linearly with depth, as it was already considered by Gibson (1967) :
where k E is the rate of increase in soil modulus with depth (z). The depth z¼ 0 corresponds to the level just beneath the footing. As already introduced, E 0 is the soil modulus just beneath the footing base. Fig. 1d shows the global scheme of the corresponding model series named as Series G by which, I G factor is determined. In this model series, the footing is considered as two flexible and rigid types. For flexible footing case, a uniform surcharge is applied directly over the ground surface, while the footing body is considered in the modeling with K F ¼ 100 for the case of rigid footing.
Results and discussions
In this section, the results of numerical analyses of each model series are presented. All the introduced displacement influence factors are obtained from each of the model series introduced in Fig. 1 .
Before discussing footing displacements, the distribution of stress under flexible footings (with a constant applied pressure) is investigated. Fig. 3 presents the normalized vertical stress distribution in the ground with respect to the applied pressure from the footing surface for three cases n ¼ 0, 0.4, and 0.8. By comparing the stress distribution regime, the stress concentration was found to occur mostly at the edges in all cases. In other words, stress bulbs are generated between the edges. However, the effected area of the concentrated stress zone is dependant on the width of the footing. In the circular footing, the isometric stress contours have the biggest value at the center of the circle, while the maximum values of the stress under the ring footings are generated almost below the internal edge such that the contours are inclined towards the center of the ring footings. In addition, the influenced zone of the imposed stress is deepest for the circular footing, while the influenced depth is reduced by increasing the n factor for the ring footings. The general form of stress bulbs under the circular footing matches well with that obtained from closed form elastic solutions (Poulos and Davis, 1974) .
Flexible ring footing displacement
The results from the model Series R is discussed here. Fig. 4 depicts the settlement profile of flexible circular and ring footings with n ¼ 0, 0.2, 0.4, 0.6, and 0.8 versus different normalized locations of the ring footing from the center point. Clearly, the maximum and minimum settlements of the circular footing occur at the center point and the corner side, respectively. However, for the ring footings, the maximum settlement takes place at some place between the inner side and the middle part and the minimum settlement corresponds to the outer side. The settlement profiles correspond to the analyses with ν ¼ 0.2.
Having found the maximum settlement of ring footings, one can find the ring influence factor I R by Eq. (4). In order to study the effect of Poisson's ratio on the settlement profile of ring footings, several analyses were performed by considering ν ¼ 0, 0.2, and 0.4 and the variations of I R with n are depicted in Fig. 5 . It can be seen that all the results are coincident and the Poisson's ratio has no effect on the I R factor. The variation of I R versus n is approximated by a quadratic algebraic equation as follows, whose prediction is depicted in Fig. 5 :
That is, the maximum settlement of a ring footing can be estimated when the maximum settlement of a circular footing with the same outer radius and the same vertical load is already specified.
Footing rigidity
The effect of footing stiffness on the settlement of ring footings has been investigated by the model Series F. The variation of I F versus K F for different ring footings (n ¼ 0. 0.2, 0.4, 0.6, 0.8) is shown in Fig. 6 . It can be figured out that the footings with K F o 0.01 can be regarded as flexible footings since I F is almost equal to 1. For the case of rigid footings, however, definition of a limit for K F is not unique and it depends on the footing geometry. For a ring footing with a narrow annulus (n ¼ 0.8), the ring footing behaves as rigid when K F 41, while for a circular footing, the rigid behavior is attained when K F 4 10. Brown (1969a) has already reported the same category of K F for circular footings by performing numerical analyses. The variation of I F À K F of circular footings from these two approaches is compared in Fig. 7 .
A mathematical expression is suggested for the rigidity correction factor, (I F ), which can consider different geometries of the ring footings:
where a 1 ¼ 0:77 þ 0:2n; b 1 ¼ 3:9expð1:5nÞ; and c 1 ¼ 5:3exp ð4:1nÞ. The basic form of Eq. (11) is in accordance with the formula introduced by Mayne and Poulos (1999) in which a 1 , b 1 , and c 1 were constant. These three parameters are then modified to be expressed as a function of n by curve fitting technique based on the results of the present numerical analyses. The dotted lines sketched in Fig. 6 represent the approximation values using Eq. (11). Rigorous solution for circular footings shows that the influence factor becomes 1 and π/4 for flexible and rigid cases, respectively (please refer to Eq. (2)). These bounds are achievable with small error by putting n ¼ 0 in the above equation. For ring footings, it can be concluded that the increase in K F increases the influence on the settlement of the footing. On the other hand, an increase in n value represents a decrease of such influence.
Soil non-homogeneity
As mentioned before, the effect of soil non-homogeneity on the footing settlement is investigated with the model Series G. In the "Gibson" case, it is assumed that the soil modulus linearly increases with depth. By this model series, I G is calculated by Eq. (7). The variation of I G for circular and different ring footings (n ¼ 0.2, 0.4, 0.6, 0.8) are depicted in Fig. 8a in terms of a normalized Gibson modulus ratio, β ¼ E 0 =ð2k E r o Þ. The solutions cover the results for a wide range of 0.01 r βr 100. The same calculation procedure has been performed for rigid ring footings and the I G is obtained in terms of β for different radii ratio (n), as shown in Fig. 8b . For very small values of k E (and high values of β), which indicates the homogenous soil case, I G value of the circular footing approaches to 1 and 0.78 for flexible and rigid cases, which is consistent to rigorous solutions. Comparing I G for different ring footings, the soil non-homogeneity has decreasing effect on I G as the ring footing becomes slimmer. The variation of I G versus β can be approximated by hyperbolic formulations as defined below: analyses. The comparisons show good agreements. These formulations are also comparable with those proposed by Mayne and Poulos (1999) for circular footing (n ¼ 0), where a similar form of equations is obtained.
In order to examine if I G is dependant to the Poisson's ratio, the variation of I G for a flexible ring footing with n ¼ 0.5 is presented in Fig. 9 . The analyses were performed for two cases with soil Poisson's ratios ν ¼ 0, and 0.4. It can be seen that both graphs are well coincident which indicates that the Poisson's ratio does not influence the I G value.
Footing embedment
The effect of footing embedment on the settlement of ring footings has been studied by model Series E. The results are presented in Fig. 10 for the variation of I E in terms of D f /r 0 for different Poisson's ratios. As shown, in contrary to other analyses, Poisson's ratio is very effective on I E value. As similarly indicated in other works (Burland, 1970; Christian and Carrier, 1978; Mayne and Poulos, 1999) , an increase in Poisson's ratio results in an increase in I E and thus, the settlement is smaller. It is noted that a high value of Poisson's ratio (close to ν=0.5) for an isotropic elastic medium corresponds to an incompressible medium in which, the volume change is zero. Bringing the footing base to deep layers of an isotropic elastic medium causes to have larger tension (expansive) zones in the medium and thus, the footing settlement (which corresponds to compressive zones) is reduced. Following the I E formula introduced by Mayne and Poulos (1999) for circular footings, a similar pattern is chosen for the parameter I E for ring footings:
wherea 2 ¼ 3:9À 1:5n; b 2 ¼ 1:63 À 0:4n; c 2 ¼ 1:3 À 0:4n; d 2 ¼ 0:17À 0:02 ln n. In the original formula, the parameters a 2 , b 2 , c 2 , and d 2 were constant, but they are defined here in terms of n value. The equations have been derived by curve fitting technique based on the results of the present numerical analyses. The approximations by Eq. (13) are depicted in Fig. 10 . In the literature, the effect of footing embedment on the settlement has been considered by introducing graphs. In Fig. 11 , the obtained results for circular footing from this study are compared with the embedment factors (ν ¼ 0.49) introduced by Christian and Carrier (1978) , which is based on the modification of the work by Janbu et al. (1956) and those of Burland (1970) using finite element method (FEM). The comparison indicates acceptable agreements between these references.
Ring settlements at inner and outer edges
From the results of the numerical analyses performed in this study, the settlement ratio of the outer to inner edges of the flexible ring footings ρ ouer ring =ρ inner ring were determined, and are sketched versus the ring radii ratio (n) in Fig. 12 . The relationship is linear. Since this ratio for rigid footings is ρ outer ring =ρ inner ring ¼ 1, the variation of this ratio for a ring footing with an arbitrary rigidity will also be linear. For a flexible circular footing (n ¼ 0), a ratio of 0.63 is obtained, which agrees well with the result of rigorous elastic solution (0.64) in the literature (e.g., US Navy, 1982) . By considering the value of this ratio for other circular footings with known flexibility factor (K F ) (obtained from the model Series F), the following empirical expression is proposed for the inner to outer edges settlement ratio:
The approximations from this equation is depicted in Fig. 12 for different K F ¼ 0.01, 0.25, 1, 10, and 100 values.
Using the above equation, only the relationship between the inner and outer edges settlement can be obtained, but the absolute magnitudes cannot be obtained. It is suggested, in this study, that the average settlement of a ring footing, which is defined as below:
is related to the maximum settlement. The variation of ρ ave ring =ρ max ring of the flexible ring footings (from the results of model Series R) in terms of the ring radii ratio (n) is depicted in Fig. 13 . By having the value of this ratio for other semi-rigid circular footings from the analyses and also considering the upper limit as 1 for a rigid ring footing, the following expression is proposed:
The approximations from Eq. (16) are depicted in Fig. 13 . Now that the average settlement of the ring footing has been determined, the absolute values of the settlements corresponding to inner and outer edges can be computed too. It is noted that the average settlement ρ ave ring defined in this study is not recommended for use for engineering purposes since it would result in error and it is only an intermediate parameter to help in the prediction of settlement at the inner ρ inner ring and outer ρ outer ring edges.
Examination and verification
In order to show the applicability of the derived closed form solution for the calculation of a ring footing, one example is solved. In the literature review, very rare case studies exist where the settlement of a real and full scale ring footing is measured and the soil profile and characteristics are indicated. Here, an example is taken from the work by Bhushan and Boniadi (1988) . They reported the in-situ measurement of a ring footing and compared it with the estimation of settlement by using the in-situ cone penetration test. The characteristics of the ring footing are depicted in Fig. 14a . The units are converted to SI. The ring footing supports the load of 11 columns carrying totally P ¼ 11 Â 4784 ¼ 52; 624 kN. The inner and outer ring radii are 8.53 m and 12.19 m resulting in n ¼ 0.7. The footing with 1.22 m high is embedded at the D f ¼ 1.83 m below the ground surface. The soil profile consists of both clay and sand layers repeating one after another. As for soil investigation, the in-situ cone penetration test (CPT) was performed in the field. In order to estimate the soil elastic modulus, the so called experimental formulation E s ¼ kq c is used (Meyerhof and Fellenius, 1985) with k ¼ 3. q c stands for the tip resistance obtained from CPT. The variation of estimated E s versus the depth is depicted in Fig. 14b . Based on the in-situ results, a linear variation of Es with depth is considered with E 0 ¼ 9.5 MPa and k E ¼ 9:53 MPa=m.
First of all, the influence factors I R , I E , I F , and I G should be calculated. Using Eq. (10) and having n¼ 0.7, we get I R ¼ 0.89. To find I F (from Eq. (11)), the ring flexibility factor (K F ) is calculated by assuming E fnd ¼ 25 GPa as for the concrete material and E sAV ¼ 40 MPa. The value of K F ¼ 1.72 implies that the footing behaves as a rigid rather than flexible footing. Accordingly, the I F ¼ 0.916. To find I G from Eq. (12b), the β parameter is calculated (β ¼ 0.039), and hence, I G ¼ 0.098. Finally, I E ¼ 0.96 is calculated from Eq. (13) by assuming ν ¼ 0.35 according to the soil profile and the suggestions in the soil mechanics and foundation engineering references (e.g., Bowles, 1996; Budhu, 2007) . By referring to Eq. (3), ρ max ring is obtained and finally, by using Eq. (16), the average settlement of the ring footing is calculated as ρ ave ring ¼ 19:8 mm. The measured settlements during the loading, according to the reference, were reported between 10 and 17 mm with the mean value of 15.4 mm.
The difference between the calculated and the measured settlements can be explained by the fact that the real soil stiffness was not included in the calculation process. Because of application of extra surcharge during construction activities as well as the footing weight itself, the soil especially beneath the footing area becomes more compacted with respect to the natural condition. The shallower layers of the soil are more prone to densification. According the well-known Janbu-like equations, the soil stiffness is proportional to applied stress level with the power of 0.5 (e.g., Duncan and Chang, 1970; Richart et al., 1970) . As a rough estimation, considering only the footing weight (with γ con ¼ 24 kN=m 3 ; γ soil 17 kN=m 3 ), the soil elastic modulus at the footing base level increases about 20%, resulting in a new augmented value of E 0 ¼ 11.3 MPa and consequently, the calculated settlement reduces to 16 mm, which is in the range of measured values.
Conclusions
By using the finite difference method, four series of numerical models have been adapted by which, the settlement profile of a ring footing over an infinite half-space medium have been obtained. All the analyses were performed in domain of elasticity. In each model series, the effect of footing stiffness, soil non-homogeneity, and embedment were considered individually and the corresponding influence displacement factors were determined by focusing on the maximum settlement of the footing. In addition, the relationship between the settlements of the footings at the inner and outer edges was investigated. For any influence factor, a general mathematical expression was suggested in which the effect of the ring footing geometry in terms of radii ratio was considered. As a result, the proposed formulas in this study can predict the elastic settlement of an arbitrary ring footings ranging from flexible to rigid, drained (for cohesionless soils) to undrained (cohesive soils) depending on Poisson's ratio, and homogeneous and non-homogeneous soil cases. The results were compared with the published analytical and numerical solutions for circular footing case.
